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ABSTRACT

We describe the isomorphism classes of certain infinite-dimensional
graded Lie algebras of maximal class, generated by an element of weight
one and an element of weight two, over fields of even characteristic.

1. Introduction

Let M be a Lie algebra. Suppose M is nilpotent of nilpotency class ¢, so that ¢
is the smallest number such that the Lie power M°t! vanishes. If M has finite
dimension n > 2, it is well-known that c<n—1. Whenc=n -1, M is said to
be a Lie algebra of maximal class. Equivalently, a Lie algebra M of dimension
n is of maximal class when the i-th Lie power M® has codimension ¢ in M, for
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2 <1 < n. An infinite-dimensional Lie algebra M is said to be of maximal class
when M? has codimension i for all ¢ > 2, and M is residually nilpotent, that is,
N M = {0},

Infinite-dimensional graded Lie algebras of maximal class which can be gener-
ated by two elements of weight one have been classified in a series of papers [3,
6, 4, 11]. (We call these algebras of type 1.) This is a problem only in positive
characteristic, as it is well-known that there is only one such algebra in charac-
teristic zero. Over any field F of positive characteristic, there are |F|NO algebras
of type 1.

There are other types of graded Lie algebras of maximal class: in [13] those
infinite-dimensional graded Lie algebras of maximal class

L=PL

i>1

have been studied, in which dim(Z;) = 1 for all i > 1, so that they are generated
by an element of weight one and an element of weight two. (We call these
algebras of type 2.) In [13] it has been shown that in characteristic zero there
are three (isomorphism types of) algebras of type 2. In [5] the same problem has
been solved over fields of odd characteristic. In this paper we cover the case of
fields of characteristic two.

In [5] we described a method for obtaining algebras of type 2 as maximal
subalgebras of uncovered algebras of type 1 (see the next section for the details),
and showed that over a field of characteristic p > 2 the algebras of type 2 consist
of

algebras arising as maximal subalgebras of algebras of type 1,

a certain soluble algebra,

one further family of soluble algebras,

e in the case p = 3, one additional family of soluble algebras.
Despite the additional complication with the prime 3, it turns out that the situ-
ation in characteristic 2 can be described in a more uniform way, in terms of the
sequences of two-step centralizers of the involved algebras. (We define sequences
of two-step centralizers below.)

The plan of this paper is the following. In Section 2 we set up some prelimi-
naries, and state our main result (Theorem 2.4). In Section 3 we show that the
algebras we study fall into two main categories. The first one is dealt with in
Section 4, the second one in Section 5.
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2. Preliminaries

From now on, F will be a fixed field of positive characteristic p. Later we will
take p = 2. All Lie algebras are taken over F.

Suppose N = €,-; N; is an algebra of type 1. We say that N is uncovered
when there is an element e1 € Nj such that [N;eq] = Njyq for i > 1. (It is
shown in [3] that over any countable field there are algebras of type 1 that are
not uncovered.) Suppose that N is uncovered. Choose 0 # ey € Ny, and define
recursively e;11 = [e;ey], for ¢ > 2. Since N is uncovered, e; spans Nj, for i > 2.

We now give a definition of constituents for uncovered algebras of type 1,
suitable for the purposes of this paper; this is a non-normalized version of that
of [4]. Choose y € N1~ (e1). For each ¢ > 2 we have [e;y] = Bie;y1, for some
B; € F. We call (8;);>2 the sequence of two-step centralizers of N. (This
definition is motivated by the corresponding one for p-groups of maximal class:
see [1] or [7, II1.14].)

Suppose 82 = 83 =+ -+ = Bp_1 # By, for some n. Then we refer to the sequence
B2, B3y ..y Bn-1,Pn as the first constituent. The length of this constituent
is defined to be n. (This convention allows for simpler statements of several
results.) We now define the other constituents recursively. Suppose 3;,...,05; is
a constituent we have already defined, and that for some m > 1 we have

Bix1 == Bjrm—1 # Bj+m-

Then Bj41,...,8j4+m is defined to be a constituent of length m.

Suppose N = @, N; is an uncovered algebra of type 1, and suppose €; € N;
has the property that [N;e1] = Niqq for all ¢ > 2. Write Ly = {e1), and L; = N;,
for i > 1. It is clear that the maximal, graded subalgebra @, L; of N is an
algebra of type 2. -

Now let

L=PL

i>1

be an algebra of type 2. As for the case of algebras of type 1 above, choose
0 # ea € Loy, and define recursively e; 11 = [e;ey], for i > 2. It follows that
L; = (e;) for all i > 1. There are elements o; € F, for i > 3, such that
[eses] = aej1o. We refer to the sequence (;);>3 as the sequence of two-step
centralizers of L. The sequence of two-step centralizers completely determines
the multiplication table of the algebra L. This follows from an application of the
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generalized Jacobi identity:

lexe;] = [exlezer ... e1]]

j-2

j—2 .
.J-—-2
= -1 . €p€l...€1€2€1...€
;( )( ; )[kl 1e2e1 1

i j—2—i
=2 .
, ]—2
:(Z(—l)’( ; )ak+i>6k+j'
=0

Remark: In the above, we may replace e by a multiple ej = Beg, for some
0 # B8 € F, and accordingly e} = [eheq] etc., so that e; = fe;. Clearly [e}e)] =
Bosie;o-

It follows that one can scale the sequence of two-step centralizers of an algebra
of type 2 by a non-zero factor, without affecting the isomorphism type of the
underlying algebra.

Furthermore, it is easy to see that two sequences of two-step centralizers
determine isomorphic algebras if and only if one can be obtained from the other
by scaling. So we can classify algebras of type 2 by classifying possible sequences
of two-step centralizers.

We now record a simple fact, which we make repeated use of in this article. In
its proof, and in the rest of the paper, we will use the notation

(2.1) [e2el] = [eze1...e1].

i
2.1. LEMMA: Ifm > 2 then s, can be expressed as a linear combination with
integer coefficients of O 41, Oma2, - - -, C2m—1. Namely, we have

(2.2) - nf(—nm“ (m - 1) N

1=0
Proof: Consider the relation [eymq1€m41] = 0. Since 41 = [e2e7" "], we have

m—1

0= mnleaet = S0 ("] Jemrcienet 1

m—1

i(m~—1
= Z(—W( ; )am+1+ie2m+2-

=0

This yields (2.2). |
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Let L be an algebra of type 2 that is a maximal subalgebra of an algebra N
of type 1, and let e;,y € N be as above. There is a simple relation between the
sequences of two-step centralizers of N and L. Taking e; = [e1y], we have

Q;€i42 = [6¢62] = [ei[ely]] = [eiely] - [eiyel] = (Bigy1 — ﬁi)€i+2,

so that a; = Biy1 — B8i.

This suggests the following definition for constituents in algebras of type 2;
this is a slight variation on that of [5, Section 2], that is better suited to the
case of fields of characteristic 2. If a3 # 0, then we can assume by scaling that
as = 1, and it follows from Lemma 2.1 that we also have oy = 1. We refer to
the leading 11 of the sequence of two-step centralizers in this case as the first
constituent, which we regard of length 4. If ag = ... = @, =0, but o, # 0,
we refer to the leading 0...0a,_1a, of the sequence of two-step centralizers as
the first constituent, which we regard of length n. (As in the case of algebras of
type 1, the case of the first constituent has to be dealt with separately to fit the
scheme.) Proceeding recursively, if a;,...,q; is a constituent we have already
defined, and if we have aj41 = ... = ajym-2 = 0, but oj4m—_1 # 0, then we
define 41 ...0j4m to be a constituent of length m.

It follows from the above and Lemma 2.5 below that if L is an algebra of type
2 which is a maximal subalgebra of an algebra N of type 1, then all constituents
of L will be of the form 0,0,..., A, =\, for some A # 0. Also, the lengths of the
constituents of N and L will be the same. We refer to a constituent of the form

0,0,...,0,A, =2

of an algebra of type 2 as an ordinary constituent ending in A\. In [5,
Section 2] we have proved that the converse holds:

2.2. ProposITION: If all constituents of the algebra L of type 2 are ordinary,
then L is a maximal subalgebra of an algebra of type 1.

It is sometimes convenient to describe an algebra, or part of it, through the
sequence of lengths of its constituents. For instance, in Section 5 we will deal
with algebras of type 2 in characteristic 2 whose sequence of two-step centralizers
begins

u011,

2(¢—-1)
for some g. According to the definitions above, all constituents here are ordinary
ending in 1, and the sequence of their lengths is 429723, where 29-2 denotes
repetition ¢ — 2 times of the length 2.
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The next trick plays an important role in the formulation of our main result;
for it we need to take the characteristic p of the underlying field F to be 2.
Regard the algebra L of type 2 as embedded in an associative algebra A. In the
rest of this section only, powers of an element of a Lie algebra refer to powers in
such an associative algebra. In the rest of the paper we will use powers to denote
repeated commutators, such as in (2.1).

Take v € F, and consider the Lie subalgebra L(v) of A generated by e; and
eh = ea + ve?. We have

[eseh] = [ei, €2 + ved)
= [e;eq] + 'y[eief] = ;€542 + Y€i42

= (o + 7)eis2-

Here we have used the fact (see [8, V.7]) that in characteristic 2 we have
(2.3) eiva = [eie1e1] = e;e2 — 2eqe.e1 + ele; = [esed].
Also, [eheq] = [ea + €3, e1] = e3. It follows that

L(y) = L1 ® (ey) P Li
i>3

is an algebra of type 2, with sequence of two-step centralizers o = o; + 7.
We have obtained

2.3. LEMMA: Suppose the characteristic of the underlying field F is 2.

If we add a constant « to all the terms of the sequence of two-step centralizers
of an algebra of type 2, we obtain the sequence of two-step centralizers of another
algebra of type 2.

We are now able to state our main result.

2.4. THEOREM: Let N be an uncovered algebra of type 1 over a field of charac-
teristic 2, with sequence of two-step centralizers (3;)i>2

Then for every constant vy the sequence (3;41 + i + 7)i>3 is the sequence of
two-step centralizers of an algebra of type 2.

Conversely, the sequence of two-step centralizers of every algebra of type 2 over
a field of characteristic 2 arises in this way.

Note that the possible sequences of two-step centralizers of algebras of type 1
are classified in [CMN, Cla, CN, Jur], so that Theorem 2.4 provides a complete
classification of possible sequences of two-step centralizers of algebras of type 2.
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This in turn, as we observed above, provides a classification of algebras of type
2.

We now recall some facts about algebras of type 1 that will be useful in the
sequel. They are valid in arbitrary characteristic p > 0.

2.5. LEMMA/DEFINITION (Propositions 3.1, 3.2, and Definition 3.3 of [4]): Let
N be an infinite-dimensional algebra of type 1 in characteristic p > 0.

All the elements of a constituent, except the last one, coincide with the first
two-step centralizer 3;.

The first constituent of N has length 2p*, for some h > 1. We call ¢ = p* the
parameter of N.

The other constituents can have length 2q, or 2q — p*, for some 0 < k < h.

2.6. LEMMA (Step 4.6 of [4, 11]): Let N be an infinite-dimensional algebra of
type 1 and parameter q. Suppose N has a constituent which has length neither
2q nor q. Then N has exactly two distinct two-step centralizers.

2.7. LEMMA (Lemma 3.1 of [4]; see also the Lemma of {2]): Let N be an infinite-
dimensional algebra of type 1 and parameter q. Let (;);>2 be the sequence of
two-step centralizers of N. Let 3 be a two-step centralizer other than the first
two in order of occurrence, that is, 5 # Pa, Paq.

Then every instance of 3 occurs at the end of a constituent of length q, and it
is followed by another constituent of length q.

2.8. LEMMA (Step 4.10 of [4, 11]): Let N be an infinite-dimensional algebra of
tvpe 1 and parameter q. Let 3 be a two-step centralizer. Then (3 first occurs in
the sequence of two-step centralizers as § = fy,n, for some n.

Finally, we mention deflation in characteristic 2. Let L = €,5; L; be an
algebra of type 2. with L; = (e;), and [e;e1] = €;41, for i > 2. Agai_n, regard L
as embedded in an associative algebra A, and consider the Lie subalgebra N of
A generated by e? and e;. From (2.3) one sees that N is an uncovered algebra
of type 1, with Ny spanned by €2 and ey (where e? plays the role of e, and e,
the role of y), and N; = (ey;) for i > 2. We say that N is obtained from L via
deflation. Also, if {o;);>3 is the sequence of two-step centralizers of L, then

[(’21‘92] = (N2i€2i42 = (1211[921‘6%]

shows that the sequence (13;);>2 of two-step centralizers of N is given by /3; = a;.
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3. The length of the first constituent

In the rest of the paper all algebras are taken over a field F of characteristic 2.

Let L be an algebra of type 2. If the sequence of two-step centralizers has
constant, value ¢, then L is obtained via Lemma 2.3 from the unique metabelian
algebra of type 1, whose sequence of two-step centralizers is constant [3, Lemma
3.1), for v = a.

We can thus assume from now on that the sequence of two-step centralizers is
not constant.

Note also that if the first two-step centralizer ag is non-zero, we can apply
Lemma 2.3 with v = a3, and obtain an algebra with az = 0.

In this section we prove the following

3.1. PROPOSITION: Let L be an algebra of type 2 with first two-step centralizer
a3 = 0, whose sequence of two-step centralizers is not constant.

Then its first constituent can have length of the form

1. either 2q, where ¢ > 2 is a power of 2,

1. or 2q + 2, where q > 2 is a power of 2.

In the first case, after scaling the first constituent can be taken to be of the
form 00...011, that is, ordinary ending in 1. Here there are 2q — 4 zeros before
the 11.

In the second case, after scaling the first constituent can be taken to be of the

form 00...010, and it is thus not ordinary. Here there are 2q — 2 zeros before
the 10.

In Section 4 we prove, on the model of [5, Section 5], that if the first case of
Proposition 3.1 occurs, then L occurs as a maximal subalgebra of an algebra of
type 1. ‘

In Section 5 we prove that if the second case of Proposition 3.1 occurs, then
the sequence of two-step centralizers of L is obtained from that of a maximal
subalgebra of an algebra of type 1 by adding v = 1 to all terms of it, according
to Lemma 2.3. This will prove Theorem 2.4.

Remark: In the first case of Proposition 3.1, we prefer to write 2q for the power
of 2 that represents the length of the first constituent, because ¢ corresponds
then to the parameter, in the sense of Definition 2.5, of the underlying algebra
of type 1.

In the second case of Proposition 3.1, ¢ turns out to be a natural parameter
for later usage. (See Section 5.)
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Proof of Proposition 3.1: By assumption, not all two-step centralizers are zero.
Scaling, we may assume that the first non-zero two-step centralizer is 1. So
we consider sequences of two-step centralizers of the form 0...01.... Using

k
exponentiation to indicate repetition, we write 0...01 = 0¥1. Thus the first

k
constituent of L has length k + 4.

The first thing to note is that k must be even. This follows immediately from
Lemma 2.1. Write k = 27, so that o; =0 for 3 <4 <2r+2 and ag.43 = 1.

Using (2.2) of Lemma 2.1 for m = r + 2, we get as,.4+4 = r + 1. Since we are
working in characteristic 2 we see that ag,4+4 = 1 if r is even, and that ag,14 =0
if r is odd.

So if r is even, the sequence of two-step centralizers begins 02711. When we
deflate L to an algebra N of type 1, the first constituent of N has length r + 2.
Because of Lemma 2.5, 7 + 2 must be a power of 2, and the same holds for
k+ 4 = 2(r +2), so that we are in the first case of Proposition 3.1.

We consider now the case when r is odd, and show that this only arises when
2r = 2™ — 2 for some m > 2. (The first constituent will thus have length 2™ + 2,
as claimed.) So we suppose that 2r = 2™n — 2 for some m > 2 and some odd
n > 1. We show that this can only happen when n = 1. To this end we suppose
that n > 3, and obtain a contradiction.

We pick t so that 2t=1 < 2™n < 2. Since m > 2 and n > 3 we see that ¢ > 4.
Since 2071 + 1 < 2™p = 2r + 2, [egi-141,€2] = 0. Soif 3 <k < 2!"1 + 1 then

0 = [egmnyr—2t-1_1, [ege-141, €3]]
= [e2mn+k—2‘—1—1362“1+1a62]

t—1
= [egmnyr—2t-1_1, €2, 6% *1], e2)

2t-1
_ 2t=l 1
= E [e2mntk_2t-1_144) €2, €]
i=0

162]

2t-1_1

= Q2mpik E Qgmppk—2t-1-144 | €2mntk42-
i=0

We want to use this equation to show that agmpyp =0 for 3 <k <271 +1. So
we assume by induction that agm, s = 0 for 3 < s < k (where 3 < k < 2t71 +1).
This implies that

2t-1 1

Z Qgmpip—2t-1_14; = 1,
=0
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and S0 agmn4k = 0, as required. But the equation [egt-141, €9:-141] = 0 gives

2t=11

t—1_
0= [€2t—1+1,€2t—1+1] = [Cgt—1+1, [62,6% 1]] = ( Z a2t—1+1+i> €t 49,
1=0
which contradicts the results just proved.
So we can write 2r = 2™ — 2 (m > 2) as claimed, so that the sequence of
two-step centralizers begins 02" ~210. |

4. First constituent of length 2¢, with ¢ > 2

In this section we deal with the first case of Proposition 3.1, in which the first

constituent has length 2¢, with ¢ = 2" > 2. This is the counterpart of [5,

Section 5]: only a few changes are necessary to the arguments given there.
Suppose we have

[eie2] =0, fori<2g-—1;

[e2g-1€2] = €aq+1, [eaqe2] = €242

We want to show that the algebra is a maximal subalgebra of an algebra of type
1, by proving that all constituents are ordinary, and invoking Proposition 2.2.

Proceeding by induction, assume we have already proved this up to a certain
constituent, that ends as

(4.1) [emez] = Aemta, [em+1€2] = Aemys,

for some A # 0.

The argument of [5, Section 5] carries over verbatim to show that 2¢ is an
upper bound for the length of the next constituent.

We now show that ¢ is a lower bound for the length of the next constituent,
that is

[em+2€2] = [emqsea] = -+ = [emyq-162] = 0.

As in [5, Section 5], we do this more generally for the case when the current
constituent is of the general form

(42) [67-,162] = He€nm 42, [em+162] = Vém43,

where u # 0, but where we make no assumption on v. We proceed by induction,
so that we can assume the current constituent to have length at least q.
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The argument of [5, Section 5] for the case v = 0 in (4.2) carries over here.
Suppose thus v # 0.

We show that [e,4i42€2] = 0 for 0 <1 < g — 2, proceeding by induction on [.
We have first

0 = [em_1[e2e1e2]] = plemyaes],

so that [en42€2] = 0. Suppose thus [ > 0. We compute

0 = [em[ezeles]]
= [em[eael]es] — [emeafeaet]]
= (1 + W + p)[emti42€2]
= lWemi42€2)-
The coefficient v vanishes when [ is even. In this case, write I = 2!3, with 8 odd.

If ¢t > 1, note that | = 2!3 < ¢ — 2, and thus 2¢ < q. Therefore | + 2! < 2q — 3,
and [e;49te2] = 0. Thus we have

t
0= [em_2:+2[e2ell+2 _262]]

t
= [€m—2t+2[e2€ll+2 —2]62]

1+2t—2 [+2t—2
=\Hu 2t 9 +v 9t _1 - [em+i42€2]

= plemi42€2].
If ¢t =1, that is, I = 273, choose n > 2 so that

B=2""1—-1 (mod?2"),

and let & = 2" — 1. Since | = 28 < ¢ — 2, we have 8 < ¢/2 — 1, and thus
271 < ¢/2, or 2" < g. It follows that [ + k < 2¢ — 3, so that [ese}™ e,] = 0. We
may now compute

0= {em_k[€2€i+k62]]

_ 284+ k& " 28+ k
=4 3 v L4l “[em+1+209]

= V[€m+l+2€2]-

This is because we have, for some v,

284 kY _ (2t 22427 -1
k)T 2 —1

Cfy2rtlgpongponl 4441
N 2714+ +4424+1
=0 (mod 2),
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while

(2ﬁ+k) _ (72"+1+2"+2”—1 +...+4+1>
k+1 2n
=1 (mod 2).
This proves that ¢ is a lower bound for the length of the next constituent.
From now on, the rest of the argument of [5] applies.

5. First constituent of length 2¢ + 2, with ¢ > 2

In this section we deal with the second case of Proposition 3.1. So assume L is
an algebra of type 2, with first constituent of length 2q + 2, where ¢ > 2 is a
power of 2. So its sequence of two-step centralizers begins 029210,

We first show that the sequence is followed by another zero. In fact, if the
sequence continues as 0247210azq43, we have

0 = [egq+1[erezez]]
= [62q+161€282] + [62q+1€2€2€1]

= (Otzq+2012q+4 + 012q+1012q+3) *€29486
= Q2g+3€2¢+65
since agqq1 = 1 and agq42 = 0, so that agg3 = 0.

We now apply Lemma 2.3 with v = 1. The resulting algebra, that we rename
L, will have a sequence of two-step centralizers starting as 12972011, so that all
constituents so far are ordinary ending in 1, and the sequence of their lengths
begin as 429723. We prove

5.1. PROPOSITION: Let L be an algebra of type 2. Suppose its first constituents
are ordinary ending in 1, and that their lengths are 429723, where ¢ > 1 is a
power of 2.

Then all constituents are ordinary ending in 1, and the sequence of their lengths
continues with repetitions of the pattern 2923 or 29724,

We need only the statement about all constituents being ordinary in order
to be able to apply Proposition 2.2. The statement about the sequence of the
lengths of the constituents, however, is an essential ingredient in our proof by
induction.

The algebras that are covered by Proposition 5.1 are maximal subalgebras of

o the algebras AFS(1, b, n,2) of Shalev ([12, 3]; we use the notation of [4], so
that 1 < b < n, ¢ =2°"!, and n may also be infinity), and
e the Bi-Zassenhaus algebras of {9, 10].
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Proof of Proposition 5.1: We will use some identities. The first one comes from
as = 1, that is, [eze1e2] = [e2el]. We compute
0 = [en[ereze2]] + [en[ezed]]
= [enere2e2] + [eneezer] + [eneaed] + [enerese?] + [eneleser] + [enedes]
= (n4+10n43 + OnOny2 + an + Any1 + g2 + Any3) - €nys.
That is, for n > 3 we have

(5.1) OnOinto + Qpip1Onys +ap +apyy + apyo +apysz =0,

The second identity is based on azq41 = 0, that is, [egef"‘leQ] = 0. We

compute
0 = [en[eze}’'e2]] = [enealeses? '] + [enleaei? es),
and obtain
(5.2) an - (Qnp2+ -+ Qnt2q + Cntagt1)
+ Qny2g41 (an +on41+...+ O"n-&-?q—l) =0.

Finally, we have a string of identities, encoding a5 = -+ = agq—1 = 1. (There
are no such identities when ¢ = 2.) For k odd, 5 < k < 2¢ — 1, we have
[e2ef~2e,] = [e2e%]. We compute

0 = [enealeae; ]} + [enleze}*lez] + [enlezef]],

and obtain

k-2 k-2
k-2 k-2
Qp - <i=0 ( ; )an+2+i> + Qnyk ( E ( ; )an+i)

(5.3) ‘o =0
+ ; <Z,)an+i =0.

When applying one of these identities, we will underline on the sequence of
two-step centralizers the first and the last one involved. For instance, when
using (5.1) we will underline v, and @, 43, or also say we are applying the identity
Ol & Q41004200 43.

Proceeding by induction, we first assume we know the sequence of lengths of
two-step centralizers up to a segment of the form 29-24, with all constituents
ordinary ending in 1, so far.

The tail of the sequence of two-step centralizers is thus of the form

011 |11 |---|11] 0011,
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where there are ¢ — 2 repetitions of the pattern 11. (The leading 011 might well
be a piece of a 0011.) We want to show first, using secondary induction, that
there are ¢ — 2 further repetitions of the pattern 11 after 011. (Clearly, this is
not needed when ¢ = 2.)

So we assume we have

01111 ]---|11]0011|11]---|11 | B,

with less than ¢ — 2 instances of 11 between 0011 and «3, and we want to show
a=3=1.
For later usage, we deal with the slightly more general

011 |11 |-+ | 11| 0wll |11 ]---|11] b,

where w # 1.
We first use (5.2) on a suitable

1111|101 | Owll [11]---|11 | @B,

toget ll+w+a)+a(l+w+1)=(w+1)}(a+1)=0,so that o« = 1.
We then use again (5.2) on

1L[11) -+ |11 [0wll [11]---]| 11|18,

toget 1(1+w+0) + Bw) =(w+1)(8+1) =0, so that 3 =1.
So we are at

011 | 11]---]11]0011 |11 }---|11]aBys,

with ¢ — 2 instances of 11 between 0011 and «. (We have gone back to w = 0.)
We first use (5.2) on

011 |11 |---|11]001L |11 ]---|11|aByd

to get « = 0.

Now we use (5.1) on 108y to get v = 1. So if 3 = 1 we have a constituent of
length three, and we are done. Suppose thus 8 # 1.

Then we use (5.1) again on 0318 to get B0+ 1+ 3+6=(8+1)(0+1)=0.
Since 8 # 1, we have § = 1. If 3 = 0, we now have a constituent of length four,
and we are done. So suppose 8 € {0,1}. We are now at

011|11]---]|11]0011|11]---|11]0811.
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Since 3 # 1, the argument above allows us to add ¢ — 2 more instances of 11 to
get

(5.4) 011 |11|---|11[0011 |11 ]---]11|0BLL|11|---|11]o.

We use (5.2) on
111081111+ |11 |¢

to get
(5.5) B+0+ o =0.

Thus o ¢ {0,1}. Because of Lemma 2.1, 8 occurs as an odd indexed two-step
centralizer ;. Therefore o occurs with an even index. Recall that the leading
011 might be a full constituent of length three, or part of one 0011 of length four.

Since the lengths of the constituents of L begin 429723, there is at least one
constituent of length 3 in the sequence leading up to 3.

First consider the case when there is only one constituent of length three in
the sequence leading up to 3, and all other constituents have length 2 or 4.

Deflation and Lemma 2.8 yield that ¢ appears with an index of the form 2r,
where r > 1 is a power of 2.

Applying (2.2) for m = r we see

r—2 r—2
fr—1
(5.6) 0 = Qar = E (_I)TH( 7 )a”+1+z‘ = E Qr1+4-
1=0 i=0

Now 3 occurs once in the summation. On the other hand, the ones occur in pairs
between o,41 and aae,_;, because all constituents are of length two or four, so
they cancel out. (One sees easily that a1 is the second 0 in a 0011 constituent
of length four, so we are starting with the right offset.)

We obtain from (5.6) o = 3, so that (5.5) yields 8 = 0, a contradiction.

Next suppose that there are at least two constituents of length 3 in the sequence
leading up to 3. We first deflate the sequence (5.4) to get an algebra N of type
1 with a segment of the sequence of two-step centralizers of the form

... 19710197 g,

Because of Lemmas 2.5 and 2.7, the parameter of N is q, its first two-step cen-
tralizer in order of occurrence is 1, the second one 0, and the third one o & {0,1}.
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If the leading 011 in (5.4) is a full constituent of length three, we can extend
the sequence backwards with ¢ — 2 more instances of 11 to

01111 }---{11]021 )11 |---|11]0011 11 |---|11]|0811|11|---|11]o.

(Note that we have a leading zero in this sequence because we are assuming that
there are at least two constituents of length 3 in the sequence leading up to §.)
Inspection now reveals a constituent of intermediate length 2¢ — 1 in the deflated
algebra. This contradicts Lemma 2.6. This argument can be easily extended
to show that we cannot have more than one constituent of length three in the
sequence leading up to 3, wherever they may occur.

We now assume we know the sequence of lengths of two-step centralizers up to
a segment of the form 29723, with all constituents ordinary ending in 1, so far.

Proceeding as in the previous case, we assume the tail of the sequence of two-
step centralizers has the form

011 | 11]---| 11011,

where there are ¢ — 2 repetitions of the pattern 11, and show first that there are
g ~ 2 further repetitions of the pattern 11 after 011. (There is a special case,
when we are at the very beginning of the sequence of two-step centralizers, so
the above sequence is just 11 | 11| --- | 11 | 011, with ¢ — 1 repetitions of the
pattern 11. We will deal with this at the end of the proof.)

Proceeding by secondary induction, we assume we have already

011 |11 ]---]11]011|11]---|11]aB,

with less than ¢ — 2 repetitions of 11 between 011 and a8, and we want to show
a=p3=1.
We first apply (5.2) to a suitable

1110~ [11]01L[11]... |11 aB,

to get 1(1 + a+ 8) + B(1) = o+ 1 = 0, where we have omitted pairs of 1 that
cancel out. So a = 1.
Now we apply a suitable instance of (5.3) to

11]011 |11 -+ 11]18,

toget 1(1+8)+8(1+0+14+1)4+1+0+1+8=5+1=0,s0that 5=1. A
word of comment is in order here. Since k is odd in (5.3), we have

(’5) =(1)=("1)= (',:) =1 (mod2),
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and similarly for binomial coefficients involving k£ — 2. We do not need any
information about the other binomial coefficients, because they multiply a’s that
are 1, and thus cancel out in pairs, such as

k fo} + k =0
9 n+2 k-2 Qpyk—2 = U

Once all the ¢ — 2 instances of 11 are in place, we suppose we have
011 )11 f---|11|011{11]---|11 | aB~d.
We use (5.2) on
011 [11|---|11 |01 |11 ]--- |11 |aBvd

to get a = 0.

Now we use (5.1) on 103y toget 8+1+04+8+y=v+1=0, that is y = 1.

Note that § = 1 would give us a constituent 011 of length three, and we are
done, so we may take 3 # 1.

Now we use (5.1) on 0816 to get 86+ 1+ 3+ 6 =(B+1)(6+1) = 0. Since
B # 1, we have § = 1.

Note that 3 = 0 would give us a constituent 0011 of length four, and we are
done. So we may assume 3 ¢ {0,1}.

The argument used for the previous case allows us to extend this to

011 |11 ]---|11]0B11 [11]---|11],

where there are ¢ — 2 instances of 11 between 0311 and o.
As above, we use (5.2) on

110811 |11{---|11|g

to get 5+ 0+ Bo =0. So o ¢ {0,1}. Because of Lemma 2.1, 3 occurs as an odd
indexed two-step centralizer «;. Therefore ¢ occurs with an even index. We now
deflate the sequence

01111 ]---|11]011 11 |---[11|0B11|11|---}11 ],

to get an algebra N of type 1 with a segment of the sequence of two-step
centralizers of the form

01292019 1g.
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As above, in N the parameter is ¢, the first two-step centralizer in order of
occurrence is 1, the second one is 0, and the third one is o & {0,1}. Also, the
129720 gives a constituent of intermediate length 2q — 1. The fact that o ¢ {0,1}
now contradicts Lemma 2.6.

We are left with the special case when we are at the very beginning of the
sequence of two-step centralizers. In this case the above arguments yield that
the sequence begins

11{13 |- |11]011 [11|---[11]0B11 |11 ]---|11]0o.

Simple counting shows that o occurs as g, in the sequence of two-step
centralizers. Deflation and Lemma 2.8 yield that 3¢ should be a power of 2.
This contradiction completes the proof. |
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